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The quantumness of the correlation known as quantum correlation is usually measured by quan-
tum discord. So far various quantum discords can be roughly understood as indirect measure by
some special discrepancy of two quantities. We present a direct measure of quantum correlation by
revealing the difference between the structures of classically and quantum correlated states. Our
measure explicitly includes the contributions of the inseparability and local non-orthogonality of
the eigenvectors of a density. Besides its relatively easy computability, our measure can provide a
unified understanding of quantum correlation of all the present versions.
PACS numbers: 03.67.Mn, 03.65.Ud
Introduction.-As one kind of quantum correlation,
quantum entanglement has been playing an impor-
tant role in quantum information processing and be-
come a necessary physical resource for quantum com-
munication and quantum computation [1]. However, a
strong evidence shows that there exists other nonclassi-
cal correlation—–quantum discord which is shown to be
effective in characterizing the computational efficiency of
deterministic quantum computation with one qubit [2-
6]. Quantum discord captures the fundamental feature of
quantumness of nonclassical correlations, which is much
like quantum entanglement, but it is beyond quantum
entanglement because quantum discord is even present
in separable quantum states [7].
Recently, quantum discord has attracted many inter-
ests in studying its behavior under dynamical processes
[8,9] and its operational meanings by connecting it with
Maxwell demon [10-12], or some quantum information
processes such as broadcasting of quantum states [10,11],
quantum state merging [12,13], quantum entanglement
distillation [,14], entanglement of formation[15] and even
the physical nature [16]. However, as a measure, one
can find that the definitions of quantum discord are al-
ways based on indirect methods such as the original def-
inition by the discrepancy between quantum versions of
two classically equivalent expressions for mutual informa-
tion and the latter distance-based definitions [17,18] (in-
cluding quantum mutual information or relative entropy
which can be considered as a special ”distance”). In ad-
dition, one can also find that the two popular quantum
discords are not symmetric if we exchange the two sub-
systems, which even shows completely opposite behavior
and that quantum discords in terms of different defini-
tions seem not to be consistent with each other for some
quantum states. In particular, if we compare quantum
correlation with quantum entanglement measure in the
sense of that quantum entanglement describes the insep-
arability of a quantum state in mathematics [], a natural
question is what the quantum correlation describes. All
above interesting properties require us to deepen our un-
derstanding not only of different quantum discords but
also from different angles. In this paper, we attempt to
answer the question mentioned above by giving a direct
definition of the measure of quantum correlation. Based
on the features of the structures of classically correlated
states, we find our measure of quantum correlation ex-
plicitly covers the contributions of inseparability and lo-
cal non-orthogonality of eigenvectors of a density. It can
also provide a unified understanding of quantum correla-
tion corresponding to various present quantum discords.
In addition, it is obvious that our measure can be rela-
tively easily calculated.
Definitions of various classically correlated states.-
Considering the various definitions of quantum correla-
tion, in particular, the asymmetric and the symmetric
versions of quantum discord, one can understand, in some
angle, the difference comes from the different definitions
of classically correlated states. To our knowledge, fine
definitions of classically correlated states can be found in
Ref. [10], which can be generalized as follows. A mul-
tipartite quantum state ρABC··· is semi-classically corre-
lated, if it can be written as
ρABC··· =
∑
pk [⊗α |ψαk 〉 〈ψαk |]⊗
[
⊗βρβk
]
, (1)
where {|ψαk 〉} is some orthonormal basis set of subsys-
tem α and ρβk are the quantum states of subsystem β,∑
pk = 1, pk > 0. Here we omit the permutation of sub-
systems and α, β = A,B,C, · · · . The strictly classicially
correlated states can be defined as
ρ˜ABC··· =
∑
k
pk [⊗α |ψαk 〉 〈ψαk |] , (2)
where {|ψαk 〉} and pk are defined analogously.
From the quantum correlation point of view, we say
that the quantum states that cannot be written in Eq.
2(2) is quantum correlated and the quantum states that
cannot be given by either Eq. (1) or Eq. (2) is strictly
quantum correlated. In addition, if we only emphasize
some subsystems, we can say that Eq. (1) is quantum
correlated subject to subsystems β and classically corre-
lated subjected to subsystems α.
Quantum correlation of general bipartite states.- Just
like that the inseparability of a quantum state provides
the direct contribution for quantum entanglement, in or-
der to give a direct measure of quantum correlation, we
have to find out what is the nature of the quantum cor-
relation. Let’s first consider a general bipartite quantum
state with the optimal eigendecomposition as
ρAB =
n∑
i=1
λi |φi〉AB 〈φi| (3)
with n being the rank of ρAB. As we know, if a den-
sity matrix is degenerate, the eigendecomposition is not
unique. Suppose that the non-zero eigenvalue λs, 0 <
s ≤ n, is degenerate with f being the degeneracy factor,
the eigenvectors corresponding to one degenerate eigen-
value can be transformed into another group of eigenvec-
tors corresponding to the same eigenvalue by the unitary
transformation which can be defined by
ΦUf = Φ
′, (4)
where the columns of Φ and Φ′ are all the
eigenvectors corresponding to the same degener-
ate eigenvalue and Uf is an f × f unitary ma-
trix. Therefore, the optimal eigendecomposition as
{λi, |φi〉} means the decomposition with minimal av-
erage entanglement, i.e.,
∑
s
1
fs
∑fs
j=1 E
(∣∣φsj
〉
AB
)
=
minUfs
∑
s
1
fs
∑fs
j=1 E
(
Ufs
∣∣φsj
〉
AB
)
. Note that the op-
timal eigendecomposition is not unique either.
Comparing each eigenvector in Eq. (3) with that in
Eq. (1) and Eq. (2), it is obvious that the inseparability
of the eigenvectors plays an important role in quantum
correlation. In addition, even though all the eigenvectors
are separable, the density could still has non-zero quan-
tum correlation. Now we can extract the reduced den-
sity of each eigenvector corresponding to different sub-
systems. A further observation can reveal that the quan-
tum correlation will vanish, if for each subsystem, all the
different (excluding the same) reduced densities corre-
sponding to different eigenvectors are pure (which corre-
sponds to the separability of eigenvectors) and orthogo-
nal. The latter orthogonality is the so called local non-
orthogonality we mentioned in this paper. Therefore,
we can draw a conclusion that the quantum correlation
includes two parts of contributions. One is the insepa-
rability of the eigenvector |φi〉AB , and the other is the
local non-orthogonality between the reduced densities of
|φi〉AB . We say that the two parts have the equal contri-
bution to quantum correlation in the sense that only one
part is not enough to distinguish the zero quantum corre-
lation for general quantum states. So a reasonable frame
of the definition of quantum correlation can be given by
Q(ρAB) =
∑
i
λiE(|φi〉AB)
+min
Uf

∑
ij
wijF (ρAiρAj) +
∑
ij
w˜ijF (ρBiρBj)

 , (5)
where i) E(|φi〉AB) is some inseparability measure which
should obviously be given by a good entanglement mea-
sure such as concurrence [19]. This implies that E(|φi〉AB
is not changed under local unitary transformations.
F (ρAiρAj) should be some measure that captures the
local non-orthogonality and wij , w˜ij should be some
weight-like quantities. Since F (ρAiρAj) is some measure
of non-orthogonality and ρAi and ρAj belong to the same
subsystem, F (ρAiρAj) is also invariant under local uni-
tary operations.In detail, because we consider the eigen-
decomposition of ρAB, we have to require ii) F (ρiρj) = 0
for ρi = ρj or ρi orthogonal to ρj, otherwise F (·) > 0.
Thus so long as we can prove that Q(ρAB) is a good cri-
terion of quantum correlation, we can find that Q(ρAB)
satisfies all the necessary conditions for a quantum cor-
relation measure [20], which means that the quantum
correlation measures are valid.
Theorem 1. Q(ρAB) defined in Eq. (5) measures the
quantum correlation of ρAB.
Proof. Q(ρAB) = 0 means that each term in Eq. (5)
has zero value. So that the first term vanishes implies
that ρAB =
∑
ij σ˜ij
∣∣∣φ˜i
〉
A
〈
φ˜i
∣∣∣ ⊗
∣∣∣ψ˜j
〉
B
〈
ψ˜j
∣∣∣ with σ˜ij
denoting the eigenvalue and
∣∣∣φ˜i
〉 ∣∣∣ψ˜j
〉
corresponding to
the eigenvector. That the last two terms are zero means∣∣∣φ˜i
〉
and
∣∣∣ψ˜j
〉
are selected in an orthogonal set, respec-
tively. Therefore, we can draw a conclusion that the state
ρAB is strictly classically correlated. On the contrary,
if ρAB has no quantum correlation, ρAB can be writ-
ten as ρAB =
∑
ij σij |φi〉A 〈φi| ⊗ |ψj〉B 〈ψj |, where |φi〉A
and |ψj〉B are chosen from some orthogonal set, respec-
tively. Thus |φi〉A |ψj〉B must be one group of eigen-
vectors of ρAB, which are obviously separable. In other
words, {σij , |φi〉A |ψj〉B} is the optimal eigendecomposi-
tion. Therefore, each term in Eq. (5) will vanish, which
means Q(ρAB) = 0. In addition, one can find that if ρAB
is a pure state, there exists only one nonzero λi. Thus
Eq. (5) will be reduced to Q(ρAB) = E(ρAB). This
shows that our quantum correlation is equivalent to en-
tanglement for pure states.
From our Theorem 1, one can find that the quantum
correlation is symmetric if we exchange the two subsys-
tems. However, how is it related to the previous asym-
metric quantum correlation? The answer can be easily
found from our theorem.
3Theorem 2. Quantum correlation subject to system A
can be measured by
QQC(ρAB) =
n∑
i=1
λiE(ρi) + min
Uf
n∑
i,j=1
λiλjF (ρAiρAj),
(6)
and quantum correlation subject to system B can be given
by
QCQ(ρAB) =
n∑
i=1
λiE(ρi) + min
Uf
n∑
i,j=1
λiλjF (ρBiρBj),
(7)
where all the parameters are defined the same as Theorem
1.
Proof. If QQC(ρAB) = 0,we can get the eigenvectors are
separable and ρAi are pure from the first term. We can
get ρAi is chosen from an orthogonal set from the second
term. But it is not necessary for ρBi to be orthogonal. So
ρAB must have the form of Eq. (1). If ρAB can be written
as Eq. (1), one can quickly find that QQC(ρAB) = 0. The
similar proof holds for Eq. (6).
Our Theorem 1 shows an approach to distinguishing a
quantum state with quantum correlation from a strictly
classical correlated one. An intuintional observation can
show that we can effectively distinguish a strictly quan-
tum correlated state from a semi-classically correlated
state. I.e.,
Theorem 3. The strictly quantum correlation can be
measured by
QS =
√
QCQQQC . (8)
It is obvious that, QS = 0 implies the quantum state
is not strictly quantum correlated and if a quantum state
is semi-classically correlated, QS = 0.
Multipartite quantum correlation.-According to our
analysis of bipartite quantum correlations, one can
find that our measures can be easily generalized to
multipartite quantum states. In order to simplify
the description, we first define F(ρA, ρB, · · · , 0, · · · ) =∑n
i,j=1 λiλjF (ρAiρAj) +
∑n
k,l=1 λkλlF (ρBiρBj) + · · · ,
where ρxi = Trx¯ |φi〉 〈φi| with λi and |φi〉 being the
ith eigenvalue and eigenvector obtained from the opti-
mal eigendecomposition of multipartite quantum state
ρABC··· and x¯ denoting all the subsystems except the
subsystem x. It is obvious that each term on rhs. corre-
sponds to the variable ρxi in F(·) and the variable 0 in
F(·) means that there is no the corresponding term on
rhs.. Thus we can claim what follows.
Theorem 4. The N-partite quantum correlation of
ρABC··· can be given by
Q(ρABC··· ) = E(ρABC···) + min
Uf
F(ρA, ρB, · · · ), (9)
where E(·) is a multipartite entanglement measure with
E(·) = 0 denoting fully separable states. The quantum
correlation subject to some subsystems can be defined
by only preserving the corresponding reduced densities in
F(·), i.e.,
Qx(ρABC··· ) = E(ρABC···) + min
Uf
F(ρx). (10)
Note x in Eq. (10) can denote more than one subsystem
due to the various analogous definitions of quantum cor-
relation. The strictly quantum correlation can be defined
as
Q(ρABC··· ) =
N
√√√√ N∏
x=A
Qx(ρABC··· ). (11)
The proof is analogous to those for bipartite quantum
states.
Quantum correlation of two qubits as examples.-The
choice of the functions E (·) and F (·) is not unique.
Based on the requirements of our quantum correlation
measure, one can let E(·) be the concurrence (the con-
currence corresponding to all possible bipartite grouping
for a multipartite state), and F (ρiρj) = 2F¯ (1− F¯ ) where
F¯ (M) = TrM being the fidelity with M =
√√
ρiρj
√
ρi.
Alternatively, we can also define E(|φi〉AB) = S(ρR)
with ρr = TrR |φi〉AB 〈φi|, R = A or B and F (ρiρj) =
2S(1 − S) with S(M) = −TrM log2M . In both cases,
one can set wij = w˜ij = λiλj with λi denoting the eigen-
value of ρAB given in Eq. (3). Thus we can calculate the
various quantum correlations based on our definitions.
However, from the calculation point of view, one can find
that it is quite easy to calculate our quantum correlation,
if a density matrix is not degenerate. On the contrary, in
general our special selection of degenerate eigenvectors
directly leads to the difficulty of the calculation. But
we would like to emphasize that our calculation is much
simpler than the previous version of quantum correlation
[3,4] where we need to consider all potential Positive Op-
erator Value Measurements (POVM). In particular, if the
degeneracy is small, it is very possible to find an analytic
expression for our quantum correlation.
It is very interesting that for bipartite quantum states
of qubits, the above definitions of strictly quantum cor-
relation can be reduced further. Now we can give our
results in a rigid way.
Theorem 5. If ρAB is a bipartite quantum state of
qubits, then the strictly quantum correlation can be mea-
sured by
QS(ρAB) =
n−g∑
i=1
λiCi +
g∑
s=1
λsfsC(ρs), (12)
where ρs =
1
fs
∑fs
i=1 |φi〉AB 〈φi| with |φi〉AB being the
degenerate eigenvector subject to the eigenvalue λs and
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FIG. 1: (Dimensionless) Quantum correlations based on var-
ious definitions versus a. The dash-dotted line corresponds
to the quantum correlation defined by Theorem 1; The solid
line corresponds to the strictly quantum correlation given by
Theorem 3 and meanwhile it also corresponds to the quantum
correlation subject A defined by Eq. (6); The ”o” line cor-
responds to the simplified strictly quantum correlation given
by Theorem 5; The dashed line is the quantum correlation
subject to A given by Ref. [21]
C(ρs) means the concurrence of ρs. If the non-zero eigen-
values of ρAB is n-fold degenerate with n the rank of ρAB,
then QS(ρAB) = C(ρAB).
Proof. If QS(ρAB) = 0, then there exists one eigende-
composition such that all the eigenvectors are separa-
ble. All the eigenvectors can be written in the form of
|αi〉 |βi〉 with λi the eigenvalues. Because ρAB is (2⊗ 2)-
dimensional, it is impossible to find a third vector |αi〉
(|βi〉) simultaneously orthogonal to two orthogonal vec-
tors. Thus at least |αi〉 or |βi〉 must belong to some
orthogonal set. That is, ρAB can be written as one form
of Eq. (2) or Eq. (1). Therefore, ρAB has no strictly
quantum correlation. On the contrary, if ρAB has no
striclty quantum correlation, which means that ρAB can
be in the form of Eq. (1) (Eq. (2) is included). It is
obvious that one can always find such an eigendecompo-
sition that all the eigenvectors are separable. Therefore,
QS(ρAB) = 0. Note when ρAB has degenerate eigenval-
ues, the corresponding eigenvectors are not unique. The
relation between different eigenvectors are given in Eq.
(4). It is very interesting that Ref. [19] shows that one
can always find such a Uf with f being the degeneracy.
The proof is completed.
As an explicit illustration of our quantum correla-
tion measure, let’s consider a class of states defined as
ρ = a |ψ+〉 〈ψ+| + (1 − a) |11〉 〈11| , 0 ≤ a ≤ 1, where
|ψ+〉 = (|01〉+ |10〉)/√2 is a maximally entangled state.
The nonzero eigenvalues of ρ are given by λ1 = a and
λ2 = 1 − a with the eigenvectors being |φ1〉 = |ψ+〉 and
|φ2〉 = |11〉, respectively. It is obvious that the eigenval-
ues are degenerate for a = 1
2
. We employ concurrence as
entanglement measure, so one can find that for a = 1
2
,
any decomposition of ρ has the same average concurrence
as 1
2
. In addition, it is very interesting that the fidelity
F¯ =
√
2
2
for all valid decompositions. Therefore, we can
easily calculate that the discord defined in Eq. (5) can
be given by 1
2
+ 1
2
· 1
2
(√
2
2
− 1
2
)
· 2 · 2 =
√
2
2
for a = 1
2
.
Thus for all 0 ≤ a ≤ 1, one can easily find its quantum
correlation, which is plotted in FIG. 1. The quantum
correlations with other definitions are also given in this
figure. In particular, as a comparison we also plot the
quantum correlation analytically given by Ref. [21].
Conclusions and discussion.-We have defined a direct
quantum correlation measure which explicitly includes
the contributions of the inseparability and local non-
orthogonality of the eigenvectors of a density. Our mea-
sure can provide a unified understanding of quantum cor-
relation of all the present versions. Our definition can be
reduced to quantum entanglement for pure states, which
is a fundamental property of quantum correlation mea-
sure. It is shown that our quantum correlation measure
of all non-degenerate densities can be analytically cal-
culative. In addition, we have shown that for bipartite
quantum states of two qubits, our definitions can be sim-
plified further by choosing different F (·). In this sense,
whether there exist other F (·) and E(·) which will lead to
simpler expressions deserves our further research. In par-
ticular, for degenerate densities, how to select F (·) and
E(·) such that quantum correlation measure is analyti-
cally solved is a very interesting question. In addition,
from our definition of quantum correlation, one can find
that we start with the eigendecomposition of the density,
which implies we focus on the local non-orthogonality
ahead of the inseparability. A parallel consideration is
to first address the inseparability. However, whether the
latter method can lead to another (or equivalent) group
of definitions of quantum correlation is another interest-
ing question.
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